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1 Stochastic Differential Equation for S;

In Merton’s jump-diffusion model for option pricing, the price process of an underlying asset
Sy is assumed to follow the stochastic differential equation (sde)
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where V; are i.i.d. log-normal random variables. This SDE can be solved to obtain
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Set Y; =logV; ~ N(a, 3%) and rewrite S; to obtain
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2 The Characteristic Function of X,

Since W, N(t), Y; are mutually independent, the characteristic function of X is
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Let Z be a standard normal random variable. Since Yy ~ a + 7, we have
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Substitute this into Eq. (1) to obtain

) 52,2\ K

N () 5 (Ate“m* ; )
: _ X

E | exp ZUZYJ = e Z x

§=0 k=0

2 2
At <eiua g 7 1>
= €

)

and hence the characteristic function
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3 Cumulants

Substituting u = —is into Eq. (2), we obtain the moment generating function of X}
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and hence by definition the cumulant generating function
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the power series expansion of which gives the cumulants. Here are the first few cumulants
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In fact, for all n > 5, the following recurrence relation holds

K = Qkp_1 + (0 — 1)3%kp_a.

4 The Probability Density Function of X;

By Eq. (2), we have
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Taking the inverse Fourier transform, we obtain the probability density function (pdf) of X,
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This pdf can be derived by the law of total probability as well.



5 Calibration

There are five parameters in Merton’s jump-diffusion model: A, i, o, a, 3. One way to deter-
mine their values to fit the market data is to solve the following system of equations:
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where the left hand side are the first five cumulants of Merton’s jump-diffusion model in
terms of the five parameters, which we have discussed before, and the right hand side are the
first five sample cumulants obtained from market data. This system can be solved explicitly.

First we set 7 = 0%, v = 3? to simplify the notations. If we multiply Eq. (5) by 47 and
Eq. (6) by « and then add the resulting equations together, we have

amy + 4yms = ms. (8)
Similarly, from Egs. (3), (4), (5) and (6) we have
amg + 3y(mg — 7t) = my, (9)
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Now Eqgs. (8) and (9) can be thought of as a linear system of « and -, which gives the
solution
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Similarly, Eqs (8) and (10) gives
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Solve this equation to obtain
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Now a7, and p are given in Eqgs. (11), (12) and (14) respectively, all in terms of 7.
From Eq. (3), we have
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form Eq. (4), we have

Put them together to obtain
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Finally, substitute Eqs. (11), (12) and (14) into the above equation and further simplify it
to obtain a quartic equation of 7

as 4 a3 + asmt + a4+ ag = 0,

where
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A quartic equation can be solved analytically. Once we obtain the value of 7, Egs. (11),
(12), (15) and (14) can be used to find «,, A and u, respectively. In many cases the above
quartic equation has positive real roots. When there are more then one, all the positive real
roots of 7 will gives parameters that fit the market data very well. When no positive real
root exist, an alternative choice for calibration is the method of least squares.

6 The Choice of ;1 Under Risk-Neutral Probability

In risk-neutral world the following identity should hold
E(S;) = Spe’,

or, equivalently,
E(e™) = e™.

On the other hand, substituting u = —i into Eq. (2), we obtain
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Comparing the above two identities gives the p under risk-neutral probability
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7 A General Formula

Before going to option pricing, we first derivative a more general formula to help to simplify
the computations. In many cases, the expectation E [(SgD — K)*] is needed when deriving
the price of an option with strike price K and the initial price of underlying asset is Sy. Now
we derive a general formula for this expectation with log D ~ N(A, B?) ~ A+ BZ. Note
that

E[(SoD - K)*] =E [SOD1{80D>K}1_ E [K1{s,0>k});
2A ®

where

B = KP(SoD > K)

n&—A Inse + A
= KP|Zz>—"5 | =—KN|—E__"].
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where a substitution w = z — B is used. To sum up, we have
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Note that the Black-Scholes formula for a vanilla call is just e="" times the above formula
with A = (r — 02/2)T, B = oV/T.

8 Pricing Formula for Vanilla Call

Perhaps the most convenient way to derive the option prices is to use the law of iterated
expectations. Notice that
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where
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Substituting Eq. (16) into Eq. (17) with A = (1 — 0%/2) T + ka, B = /02T + k3? yields
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