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ABSTRACT

This paper proposes an accurate Multi-nomial Interest Rate Tree Model for
Hull-White Term structural Model that can effectively decrease the pricing error from
distribution error and nonlinearity error introduced by the lattices method. The
quadrature method is use to extend the H-W trinomial tree model to a multi-nomial
one to reduce the distribution error. A novel tree adjustment method is introduced to
reduce the nonlinearity error. Numerical experiments on the bond options and the Cap

verify the superiority of the proposed model.
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FAREEFRE G ERS  ART RAIT IS P SN E AR SR
(Lattice methods) ~ PDE(Partial differential equation) & #cig > /2 2 % 3 + %j2 o 3
Bl ¥ aihcnt R R A A AR 2B A B &8 N7 AR
1§t §AILE G N ER(GHCET B o v ) S SR 3 b Y P
DFRER TR R Ao AR SR R A R T R h AE R R
S AL e AR IS B ek S AT 0 bl4cHIMA £BGM g 25 7
% i 42 (Non-Markov process) s f| & -4l » Bl € 13 I & B & 2 & &
(Non-recombining) sh ] & #i » ¢ & & I F BFen i+ Dl iz & * § rH/kJL ; o
o MR SR A AR R Bl amE L ¢ A fei £ (distribution error, &
Figlewski and Gao (1999))4 2 244 2 X (nonlinearity error, L Figlewski and Gao
(1999)) 5 Flet v i g 3% o o B IS el 8 4 0 5)deHull-White 1]
#-4] > 2 & Andricopoulos et al.(2003) s % ## /2 (Quadrature methods) k jz* > 4 fie
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CER Iy

AR R4 B S A 2 e Black’sHEA] A B feCapi® i~ Mk SR &

SRR R R K fh ik RS R

FHAUZFE TARLIEF LTS T wr i HERERF NSO TR
RASH SO ITm i Ea 20 S R - R iitise o A 5] - e

& % 353 (Equilibrium Models ) 22 & £ F14#-4] (No Arbitrage Models )

(=) =FRI

FF A B2 s g REI0FRE > ik iR ;E)I* )
AR AL A PN FD R SEER SN L )’j‘fu{”}'l A4 WA A
D fed St hdchp d B3 K 0 AR R 2B AT BenfIF MR UK §

AR 2ZEANELED FRI PO o L A2 B 4eT

1. Vasicek (1977)
Vasicek & & 15 3] h- 0 5 &5 B el {15 & F 28R i (Mean
Reversion ) e 3] » B BK b 'k @ = 7 > &8 4| F PR Ornstein-Uhlenbeck

(O-U) "5z :

dr(t) = a(b — r(t))dt + cdW (t) 2.1.1)
B ooah Pl anE R b @R fF L TkE > o el %

HE R > dWE F 9 F R cnsg it £ - dW~N(0,dt) o
SR ET2ZT R R RYEE D LTI REDRE > I € laz F BRI TR D
boied »O-UEiiEfAs: ¥ EAfe  wehflFva ¢ Mmi @ 22 i 9
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2.CIR (1985)
Cox-Ingersoll-Ross (CIR) #-7]:ci&Vasicek 4] ¥ ‘@ 15 5 f cdr gL Bh
#¢7% (Diffusion) snik#icE 372 5 or(t) » FIt@PJIF A SR 5+ 2@

A B AT

dr(t) = a(b—r(t))dt + o/r(t)dW t) (2.1.2)
CIR 73] 5 fi R0k R+ T sife i en s {5 cds (LB A2 b % o7
Bif e B 4w %CIR W3] % - BufeiF o e p 2 WAl R
FIF B BH- Ko FEEAIFREZEY 4+ 3 Ape s FR 7 fPE £

feenpet -

SR IRFIE AR S B AR - s B g R IIEIY
Hop BB IS RAER S B0 0 T 47 (Drift term)k T 5 B e
RAFHA R 2B LD FE AR A F LIF G R B PRA Y A ke

ﬂ}ljf,z: TR AR o A Re FUT }Sﬁﬁjﬁﬁ'] :

1.Hoand Lee (1986)

Hoand Lee # # % #& J' e 2 fIH3] » 2 Bk &f 15 & &

dr(t) = O(t)dt + cdW (t) (2.1.3)

HY s o ZHEF K ORIt Sk
Ho and Lee #C-AIB27%:c L 7 &5 FA| 5 8 BG4 7 - ReOR AL > 2 2 107
T L FBPEARFRFE TAGF 5 F S Mo JlF T e gk 2l

Fﬂbgﬁ‘é"&ﬁ» ,ET’]-T»O



2. Hull and White (1990 )

Hull and White #:73] 5 Vasicek H3] ezt @ 5 b H3| B2 # 38 e0

\\?{y

Bk s
LR R LR SRR Feo A fIF R 0 Y IS8R b g
4o T

dr(t) = (O(t) — ar)dt + odW (t)

o
(e

dr(t) = a(%— rydt + cdW (t) (2.1.4)

Hdar os ¥l or@P{IFmpgd R - 0()s R F &I F i

PR i o 0 HEA) T AR 5 Vasicek HEAA4r b AEPE R R E 0] 5 ““"ﬁ‘ ko ——= 9(t)

ﬁﬁwwﬂﬁﬁghmﬁﬁ3WfﬂgQﬁﬂ$¢ﬁ’Hm?ﬁﬂﬁﬂﬂﬁﬁﬁ
a
a
0_2
0(t)=f,(0,t) +af(0,t) +2—(1—e'2m) (2.1.5)
a

H P Af0,) 5 PR RERT S PERI OB B R A S T ARt SRR

B Bfio TAHAE L Aok B2 L0 RS AP SenT p

5 5 £,0.0+a(f0.0)1) > FIot I F 1T so% 65 § 8 G A BEE B {13 ¥ dep
o

FRELESTSERR

1 * Hull-Whiteic ]’—T—a% E 4 ,% CHNERE YA B ALL APER
SIWHFLRF A henP TR g4 2 g DI S ERT AP EE
O<T<S o J* § f# tep& & F hiff & 5

LP(0,T)N(-h+5,)-LP(0,s)N(-h) (2.1.6)
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3.HIM (1992)

BH I FHEA Y B A 'tiﬁv,ch{r} Health ~ Jarrow ~ Merton (HIM) #7#
M g R A S A#2 F T A Bl e

df (t,T) = a(t, T)dt + o(t, T)dW (1) (2.1.7)

B o fT) 2P RY N F > at,T) 5driftsd » o(t,T) 5 diffusions® (5 % A
wB) W) 5 5 ai it 9iFH

PHAIZEBEERBRF IFR IO RBEI F 2T ERABRY T
S d YEREFRPFEZAG H T T RBRED 2 HERLEET L ER

(Non-Markovian Process ) » #c3f /,91‘ 7Y TR o

4. BGM (1997)

d P HIMBR] ™ s i g PR 15 > @02 9 F P ERBRR TG Y
- FEE AHIM A AR BT LB R S FETH E RS
er® 3427 (LIBOR Market Model )

TR Y R s I F 2 oo - ¥ 4 2 A % - % 5 Brace~ Gatarek
Musielasig #f LIBORF| & » # 5 BGMH-3] » & 4L 5 LIBOR# 3-#-3|(LIBOR
market model » LMM) ; ¥ — /% % Jamshidians:g 8 < 4 {15 > 5 2 #7 B3]

(Swap market model © SMM) o



¥ = & Black’s#i-3] 4 % frCapi® i

(=) Black’s#3)
Black#-Black-Scholesti-?| 2t # 1 1 5
YR EVARBELEATE TN ERRE > LR
T: EHEEDIINHHF
F: 3l p 2Tz g0 Ve ) i #
FApF2al @
K: EEEONETHR
P(tT): &pF@TL H81:0F & F 5P tenij 42
V, :VEBEFTDY &

o:Fejg & &

BRIV, RIRED Y @5 F, o RBHE oNT ¥ AR AT R BT R )

c=P(0,T)[ F,N(d, )-KN(d,)] (2.2.1)
B AP R S
p=P(0,T)[KN(-d, )-F,N(-d,)] (2.2.2)
# e
a, - In[F,/K]+0°T/2

oT
In[E,/K]-0°T/2

d,=—" =d,—oT
’ oNT 1

(=) #15% + *(Interest rate caps)
Afl

LA Asrr A endfd o fI 5 U - B GRRAaE o RRBH P ARt

PRE - B ERBIES VR FE T FEE R ARG ke

—L»L

B fE(Caplets)*rie s » T — B3 FHF 2Tl 18, Hh g 5L b rlpE
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Ko » TR D 3ttty ty, =T » G 5 A0t Flt, 2 B GpFrle s
Flerfl ok (k=1,2.0) 0 F A fRAn B VR AR 0 $EAHER L R

ty, byt b o
LR R R BRI O S 0 § R G, L T e

Lo, max(r, -k, ,0) (2.2.3)

Bd o =t FEEAL IR b EAp > D AR R Lo 0 R F R

Blacks 3] # F1 + "L {0 PR F ) 6 5

L5kP(0,t k+1)[FkN(d1)'KcapN(d2 )] (2-2-4)
He
. In| F, /K, |+0,7t,/2
1 p—
Gk\/a
In| F, /K, |-0,’t,/2
d, = = =d, _O-k\/g
ka/a
bl

F &t Bt i@ 15 POL,) » PR, P81 hE LF 530
B0 N() S & A R A fie Sl o

fe pEF > » ?j&.ﬂg«j PLAR G — E—?i’% s
(22.3) sipp g bt A /o AP L § % B

O, max(r, -kcap ,0)
1+16,




_ 5k(rk-Kcap)
max(r,-K,,0) = Lmax(——————,0)
1+rké'k 1+1,6,
1+6,1-0,K_ -1
— LmaX( k*k “k™*cap , )
1+ 1.0,
(1 + é‘krk )_(é‘chap +1) 0)
1410, ’
(1+0, K

= Lmax(l—k—cap) ,0)
1+1,6,

B L(1+6,K,,)
= max(L-————=% ) (2.2.5)
1416,

= Lmax(

TRELA-BIHP S PP RERRL FHFTAEAS - KRS H RS

v

L(+6,K,) » B8 P 5t PR LG ¥ o T l5 1 Uw it s - v

N
W
a o

ok

e

AR LT S o

e T JIF PR LA T - e b U RO T LA E - 2R AR
EEEOR T EE T (2.1.6)( RH-WHA ™ )fr(2.2.4)( Black i3] 7 )58 + 3=
oo Flee T AR S B B0 S  rUandR (% BlackBoAl) % 1 & Hull-White 3] 5% #ic

a~> o -°

IRy ) SE RSy i S

Bk SHEE ¢ 7 o fEEA 1 4 fe it A (distribution error) e 2RS4 2E- L
(Non-linearity Error) o o »t= e = S fciE > 2 > ¢ L i » e d it
A s e m A4 A FREL o ROE iy B2 55 S RE(AL 7 S50 BE) 0 € T
B ARREA AP ERFTFR SR B e m ERPIEL 3 A0S AT 0 d 3 iE
BiEG R p SRR bk R R Z R ERR E D L TER R
P el RaargiT e 22 2LAMMRE ¥ - BRERPIEL D F 2 A

P atiE 4 B s T E T o 1T d B(2.3.1) 1 2 B(Q32) kP A fEce



M2 AR R - Bl R 5 1000 B4 4210050 B RSt f
FIH10% 0 A $ B 25% BRI TP 2 EBELTHBEWIA G271 LB -
AT R LTS RD AEP B R AGREY e BH RSB BA
¢SGR AT 0 HERE A S 59959951007 % 100.5 5 @ Jw i AT 0
L0 S ABGR B HRE BRI BI TR P KRG 5995588
kgoow- ISP TS - BE AR FHERS99.25599.75 0 £ R
F99.5e% & £ 2 gk R R G AR m ARG H K% Flognormalihs iR R o MR
BP(99.2599. 75+ ¢ ¥ £ £ » B F 5 % R (R m 8T 2L F LN o fokbhk B
2SS R R (wm SRR 2 2R B F S R R A M SRR B
BIBAE LEFHFNE T BRI DR M HER B BT TR AP K
o dm SR i M2 BN LFET L 4 Fe iR A o U A ¢ HIRAEDR B2
PR EH AR B o

BF R 09958 Ben% (99.25,99.75]% g LA L AL % 5
9925 E #HHEAFF 5 0.75 0 LB 9. TSP EH P 5025 ¢ BILB ISP EH
R Z05%8 20 )0 F BT 30dRp > (AP B 0 % BPE R R e, 302
FOAAMMEL s b REY B A 1008 8GR R (99.75,100.25] 0
b 5 99.75FFE BB AY 5 0.25 0 W 100255 E HAEIRAY 500 ¢ B 100PF
EERERL0EZ NP R EJFRDTIORM > L RFEREHRMT T IR
Mens b L G A e 9 BRI TR R 7(99.75,100.25] ) o ¥ - fE
PAMELFE L FLRQR32) H3 - BIREEREE EREIFLH 227
fra B £ ERAFTFR P XTI A » hhif B g A AP FL TR
Stephen Figlewski, Bin Gao,1999, “The adaptive mesh model: a new approach to

efficient option pricing” °

10



True probability density
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probability distribution
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Fl(231) P EERFFP AR FLNZIEREFEL - IR -BHY

RFY e BH ARSI BASE

EPHSF R AEM R HE= A

Sk A BRIEH A 5] 5995995100

r1 %1005 ; f2 m A 5 2 % Flognormalins fe % & 5 o m MRATR] S ik 2 A

PHRAEZEBRRRIBIRR -waRATrEERLFALEYL SREFEL A

B 3 1006 BEAIT B LR 1 e o
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B(2.32) BaE{E= 8- H: Bagiz i

-

SEFAR R

dHRERIE R - L RAPRE R > s ARRERA -

(- ) Hull-White= < #

Hull-White(1994) #% &} e FE i 22 2 = A > &3 §F A 88 2
Hull-White ‘& #-73] 22 * 35z pF fF 7] (discrete time) s g {5 1E 42 4 i - & T8-R

AR g BB ) F rec S HEIEFE P S At E AAIF RO H P At ISR

EYERTIE R AEHERT £ 7 4o

dR=(0(t)-aR)dt+cdz
PUTE O W] A e PR i BB AR o

F-RE

-MRLEZHIEL T

AZ e

1 0() » F 0 2 FFTR=0 0 R ACT RIEHE
= M
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dR"=-aR"dt+odz
R (tHAD-R™ () PRJSIP 3 5 -aR™ (DAt > R R B s o’ At ¥ 5 4 iz > 7~

E(AR")=E(R"(t+At)-R"(t))=-aR " (t)At
Var(AR")=Var(R " (t+At)-R " (t))=cAt

L& AR=0\3A & JIS ALY PPl S W EE > 2 - S BR(i)) N & PR G iAo 1F
R' 5 AR P& B IF AT - B+ 4 ¥ 5 Puo FL o5 5 Pmo AT 4
S5 Pde R -FHET > AP OfIFRMIT - £ 2 B4AF 0 ¥
BjRSAFSEY BQRADC)AF APEE > F J 5 FRIFEFRQR41DDb) A S
A m A5 A5 5" B4 () @LAFHF LG wFToEadi,
A B ETF RIS R K D F - PR R A fead £ S i
WEAfeE - > 22 B3 S RT PusPm P FE o
(b) P., (C) P,

Pm
Pd

®1(2.4.1) Hull-White = =~ feh= #1) F 4 4
¥oRER
— PRSI S e d B TR I S A S AR e B 1
FoOMAERBR OS2 PEDANFIRBE PR ZAHELIRE
R T E o 5 a(iAt) 0 R R = P IAtPFf R HIB R = MY R
HIAtPEef| S > B P q) G IR AT At pE R a8 ] 5 (spot rate) o Q; & — B A
AP ELA)FEL 1 FRIFMEROF ELZRE  ,2Q, F M i

Bt = 2= & chifk 2 7 1w i 2 (Forward induction) & ) » 8 37 7] 2> 58«

)" Q, e -InB,
o= 2ir Qm : (2.4.1)

: At

e B, s (DA IR LG XG0 5 = AR AIALR - R
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QHIJZZkQi,kq(k’j)exp[-(ui+kAR)At] (2.4.2)
H P oqkj) = & BGKAT] & B F o B O E - Beha fs o Eped B 5

a,t2AR

®(2.4.2) Hull-White = = 4| & 4t

(=) B* Fa 2 (Quadrature methods) # tHull-White % =

ERI TR oy ;;1&#;1.% @A e fedt A 0 AR * Andricopoulos et
al.(2003) /i % s F /2 (quadrature method) #-= ~ Mg 4 = § ~ > % 3 Ao
F A L i o SEAPTHR AT A fe { RET A A i RS

55 AR AT -

f Hull-White 24§ = ~ fifh % - B > RIA0R (0 R % 5
AR (DAt » B R B s AR B A e 0 Bz AHRT I ¥ A pe o0 o i}up&;‘
- EEPFRA AR G AT RE L FEEAG T R AFA TG 2
o R AR AP ARFLBENFTR BTG B aR - R A

Bl A A A FFEC Y - I ERAY B & Hull-White % — FFEL? 40 » K 2 ap

¢
I
S
¥
>
bl
fon
LS
S
¥

F3 % 2 FEEC R H 5 S  Hull-White % = Ff B
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¥R
- HREFEHIT R =0 » JRJELR =aR dttodz SE B A2 T (7] 54 THR
A BRIl 15 0 R, 2 S BRI (DAt T IS R, B SR
(i) (DAt B ] 7 i flF > =%
Ri,j,max =R ij +q =R ij +56 \ At ’ Ri,j,min =R i -q =R i '50\/ At

5o/At

Tk AR= T L A1 DI IR0 S e 2 S D5 D 4o (243)
7

*

i,j,max

50VAt

W(24.3) 33 5 “end A 3o} 7 i 115

*L.I ﬁl‘;‘—@ At 19 ’ &“ m—‘: “3 J'&‘ R* % &/J‘ ﬁj—‘? ‘TJ} Rl_]mm

EE Ilitj e (DAt B+ 7 Bb’f ﬁE'%H-R g e IR n;, % & Bh(1,))

3 (iFDAt B F i JIF RS R 0 Bl 4o B(2.4.4) o 0 o np 24T

1)

* *
+ Ri,j,max _R i
WTTUAR
R R’
- ij,min ~ L
NTTTAR
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Fl(2.4.4) B 5 AhFend L B 7 i fIF

* <) Y. * + * > b4 * -
R FHEE B R, +n AR > R 7 LR +n;;AR

Sropt A aE i

i
A
N

|
=
+\'\'\
3

R,=0

F1(2.45) ¥ - FEE T 74+
Bk - FEEF niEA 0 pLp,..p, 2 BHESE S 0 FIL R (AR (1) PRIC
BFES aROAt 0 FRBES ALY A fe > AP * 2 g %%ﬁ/v\/% FhE B

§ B p, .y, o T

(n510.5)AR (n-0.5)AR (nj;+0.5)AR
p= | F@AR) p,= [ F@R) - p,= [ F@&R)
(njj-0.5)AR (n;;-1.5)AR (n};-0.5)AR

4 [§(2.4.6) -
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Py PhiPu2 - D5 p{pl
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n;JAR (n;;+DAR (n);-DAR n ;AR

AR"~N(-a(jAR)At , 6*At)
W (2.4.6) 8 & 8L(ij)dA B F
FI* 38 A4 R E &80, 1,
AR R hah B node(ij) § 7 AR hRHC jo ATRF p AR > TR L e gk
o AR E B AXMehE BE node(i) € A% Sl jo BT G AR 0 i
& pt 3 Hull-White 4] 3¢ 53] w Eﬁ?l g e o gt $cE 2 /2§ moments matching
tree 3 B > ¥ & Tian-Shyr Dai, Yuh-Dauh Lyuu, 2006, “The Bino-trinomial Tree: A

simple Model for Efficient and Accurate Option Pricing °
FoRE

 Hull-White = ~#eh% = FAE > BAFEF - At TH S F o,0,..0, &
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