
A NONZERO-SUM GAME APPROACH 
TO CONVERTIBLE BONDS：

TAX BENEFIT,BANKRUPTCY COST,
AND EARLY/LATE CALLS
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Recall

• 原先在亨利學長論文上的delay call：

1. 如果沒有稅盾和破產成本的話，V=SB+CB+E

此時max(Equity value)=min(CB Value)

2. 加入稅盾和破產成本後，SB+CB+E=VL=VA+TB-TC

此時max(Equity value)=\=min(CB Value)

EX：假設到期日時，CP符合
�� 1 + 1 − � ���� < �� < �� 1 + ����

贖回可轉換公司債會降低公司稅盾，贖回動作可能導致
股東權益較贖回前更低，造成公司決定不贖回可轉換公
司債
贖回延遲
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Equity
• 到期日
– 若公司贖回可轉換公司債

�������,���� �% = max(�� − �� �� (1 + (1 − �)�� ��)− (1 − �% )����,0�

(3.2.5)

– 若公司不贖回可轉換公司債
�������,������ �% = max(�� − �� �� (1 + (1 − �)�� ��)− (1 − �% )����(1 + (1 − �)����),0�

(3.2.6)

– 若可轉換公司債先前已被贖回
�������,������ �% = max(�� − �� �� (1 + (1 − �)�� ��),0�

(3.2.7)

• 股票價值計算

������,∗ = �

�������,∗ �%

�� + �% × �� × �
�� �������,∗ �% > 0

0 , ��ℎ������
∗= ����,������,������

(3.2.8)

max(公司價值－普通債價值－剩餘未轉換CB贖回價值,0)

max(公司價值－普通債價值－剩餘未轉換CB價值,0)

max(公司價值－普通債價值,0)
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EARLY/LATE CALLS

• When the conversion value is signficantly small than the call 
price ,which is known as an out of money call or early call.

• If the conversion value is signficantly large than the call 
price ,which is known as an in of money call or late call.

• 本篇的game: a convertible bondholder v.s. a sharehoder

• 只存在一張可轉債

• 假設 company value = V

call price = K

conversion factor = λ

• When λV>K => late call  and λV<K => early call
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The model

• Let us begin with a probability space (Ω,F,P) on 
which is given an exogenous standard Brown 
motion Wt.

• Assume that the asset of the company are 
tradeable ,so we can construct  the risk-
netural probability Q. Under it , the 
discounted total value of the company is 
governed by a martingale process.
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假設
Face value P

Coupon rate c

Conversion factor λ (0 ≤ λ ≤ 1)

Call price K

Corporate tax rate κ(kappa)

Delta t dt

破產成本 ρ

1.1 − � ≥ λ(避免bondholder總是在公司default 前 convert)

2.公司初始資產完全只有equity(沒有普通債, unlevered asset)

3.公司只發行一張可轉債，且這張可轉債是永續的(perpetual)

4. Γ={� ≥ 0; � �� � �������� ���� �������� ���ℎ ������� �� {��}}

5.Denote  the conversion,bankruptcy and call time by ����、��、����� ∈ Γ
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• if ���� < �� ∧ ���� = min  (��,����),then the conversion from 
the bondholder will leave (1 − λ)���� to the 
shareholder.However, if ���� > �� ∧ ���� ,there exist three 
possibilities: 

���∧����
≤ � ,� < ���∧����

≤
�

λ
  ,���∧����

>
�

λ
Let      

ℎ � = ��� � − � �, 1 − λ � = �

0,  � < �

� − �, � ≤ � <
�

�

1 − λ �,� ≥
�

�

and � � = �
1 − � �,  � < �

� − ℎ � ,  � ≥ �
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• Before ���� ∧ �� ∧ ����,the bondholder keeps receiving 
coupons at a rate of Pc until one of the capital-structure-
change events occurs.

• The shareholder has an obligation to serve the coupon 
payments to the debt holder continuously.

• The company generates a cash flow amount of δ���� by its 
operation at time t. After coupon obligation, the remaining 
cash flow is (δ�� − 1 − κ ��)�� .The quantity δ�� −
1 − κ �� may be negative.
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• Denote �(�; ��,����; ����)and E(�; ��,����; ����)to be the respective bond and
equity value when the company is worth V and the policies ��,���� ��� ����

are fixed.There,we have
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• The bondholder and the shareholder wish to maximize the 
values of their respective holdings.This creates a two-person 
game such that
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Variational Inequalities Formulation

• To solving the game (2.6 & 2.7)for Nash Equilibria

• Let

• Define an operator L  such that it maps any function � ∈ �
into a new function such that
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• for any                                    .It is a delicate issue to define 
Lf at                        because the first or second derivatives of f 
do not exist on those points.In the paper we adopt the 
following convertion such that 

and 
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Conditions 1~6

• Suppose that d and e represent the optimal bond and equity value  
functions, respectively.There two observations require that the 
function d and e should satisfy:

1. � � ≥ λ� ��� � � ≥ ℎ �  ��� ��� � ≥ 0

• Define 
�� ≔ �� � ∈ 0,∞ : � � = ℎ � ,�� � > �� − 1 − κ ��

�� ≔ ��({� ∈ 0,∞ : � � = λ�,�� � > ��})

2. �� � ∈ ��,�ℎ�� � � = 1 − λ �

3. �� � ∈ ��,�ℎ�� � � = �(�)
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Conditions 1~6
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Theorem 3.1

Suppose that there exists a pair of functions �∗,�∗ ∈ � that satisfy Condiction 1-
6. Define

Then,these stopping time constitute a Nash Equilibrium for game (2.6 and 2.7).

Furthermore,

where D and E are defined as in (2.4) and (2.5)

)},(:0inf{

]},0[:0inf{

}:0inf{

*

*

*







KSVt

KSVt

SVt

Etcal

Etb

Dtcon







);,;()( and );,;()( ********
concalbconcalb VEVeVDVd  

16



Theorem 3.2

Suppose that two functions e*and d* in U solve the system of 
variational inequalities 1-6.The following conclusion holds:
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Nash Equilbrium

• For any three real numbers such that 0 < � ≤ � ≤ �,let ς be 
the first passage time of Vt across boundaries V=b or 
V=d,i.e., � = inf {� ≥ 0: �� ≤ � �� �� ≥ �} 

• Define function p and q be the present values of two Arrow-
Debreu securities , paying one dollar on the event Vς=b and 
Vς=d ,respectively.In other words,
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Nash Equilbrium

• Under the specification of geometric Brownian 
montion(2.3),both of then admit closed-form expressions

where

• According Theorem 3.2,there are only two possibilities :the 
shareholder never calls the debt back when K is sufficiebtly
and he may issue a call for small K.
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L operator
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L operator
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NUMERICAL REAULTS
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r 0.08 c 0.07

κ 0.35 λ 0.2

δ 0.06 P 100

σ 0.22 K 100

ρ 0.50

β 0.012526784 γ 0.245073447

X1* 0.039830749

Vb* 36.43 Vcal* 914.62

p 0.012526784 q 0.245073447

k1 437.55 K1 87.51
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