A NONZERO-SUM GAME APPROACH
TO CONVERTIBLE BONDS -
TAX BENEFIT,BANKRUPTCY COST,
AND EARLY/LATE CALLS
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EARLY/LATE CALLS

When the conversion value is signficantly small than the call
price ,which is known as an out of money call or early call.

If the conversion value is signficantly large than the call
price ,which is known as an in of money call or late call.

KiZ i Jgame: a convertible bondholder v.s. a sharehoder
ST — R A HEE
EE% company value = V
call price =K
conversion factor = A
When AV>K => late call and AV<K => early call



The model

* Let us begin with a probability space (Q,F,P) on
which is given an exogenous standard Brown
motion W,

* Assume that the asset of the company are
tradeable ,so we can construct the risk-
netural probability Q. Under it, the
discounted total value of the company is
governed by a martingale process.



The company produces a cash flow continuously as follows :
do,

= udt+ odW, , where u, o are constants.
t

All the investors in the market are supposed to have a power - function utility given by
E"[fe™ ft—dt] (2.2)

the investor choose ¢, at time t, y € (0,1) 1s the coefficient of relative risk aversion.
dB, =rBdt , B, =1

O(4) = E"Texp(-oV, -~ 7)1,

Vt ZEQ[fe_r(u_t)5udu | 5t] _ 5t :
z r—(u—oy)
Denote o = % .Then dVVt = (r—0)dt +cdW? (2.3)
t

t

where W =W, + yot is a standard Borwnian motion under Q.



Face value P

Coupon rate C

Conversion factor A(0O<SALZ])
Call price K

Corporate tax rate K(kappa)

Delta t dt

bR AR p

1.1 — p = MN#EFbondholder 48 Z24F/\ =]default Fij convert)

2. N EIRE E ST H A equity((2 H i {H, unlevered asset)

3.8 E] HE TR AT - H iS5 A {E T /K Y (perpetual)

4.T={t = 0; T is a stopping time adaptive with respect to {F;}}

5.Denote the conversion,bankruptcy and call time by 7.5, > Tp > Tequ €T




if Toon < Tp AToqp = NN (Tp, Toqp),then the conversion from
the bondholder will leave (1 — A)V,,,, to the
shareholder.However, if 7.5, > T A Ty ,there exist three
possibilities:

K K
VTb/\Tcal =K ! K < VTb/\Tcal = X ! VTb/\Tcal > X

Let
( 0, V<K

K
h(V) =min ((V-K)*, A -0v)={V K KsV <3

(1=p)V, V<K

and g(V) = {V —h(V), V=K



* Before 7., A Tp A T.q;,the bondholder keeps receiving
coupons at a rate of Pc until one of the capital-structure-
change events occurs.

* The shareholder has an obligation to serve the coupon
payments to the debt holder continuously.

* The company generates a cash flow amount of 6V, dt by its
operation at time t. After coupon obligation, the remaining
cash flow is (8V; — (1 — x)cP)dt .The quantity 8V, —

(1 — x)cP may be negative.



* Denote D(V; Ty, Tears Teon) and E(V; Ty, Teals Teon) to be the respective bond and
equity value when the company is worth V and the policies t,, T.q; and T on
are fixed.There,we have
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e The bondholder and the shareholder wish to maximize the

values of their respective holdings.This creates a two-person
game such that

r. . =argmax D(V;z7,,7,,;7,,, ) (2.6)
7. el

con

(TZ > T:al ) — arg max D(V? Tb > z-cal ) z-;kon ) T (27)

Ty Toq €0

* Given the unlevered company value V at time O.

Th ANTeal NTeon

E+D=V+E?] j e kePdt]— E°[e™™ pV, |

0

]

{Tb <Tcal AT con }



Variational Inequalities Formulation

* To solving the game (2.6 & 2.7)for Nash Equilibria
* Let
U={f:]0,00) >[0,)|f(0) =0,f continuous. There are two disjoint finite sets
N, N7 such that f € C'([0,00) \N;) " C?([0,00) \ N} U N7).The first
derivative f is bounded on[0,00) \N; . f (at)= limf (v) and

v—azt

f'(b+) = lim f (v) exists and are finite for a N andbe N~ i

v—bt

* Define an operator L such that it maps any function f € U
into a new function such that

o2y 2d f)
dv’

Lf(v)= (r—5) df (") (V)



forany ve[0,0)\(N, UN;) .ltisa delicate issue to define
Lfatve N, U pr because the first or second derivatives of f
do not exist on those points.In the paper we adopt the
following convertion such that

—o0 ,if ve N} and f (v+)> f (v-)

Li(v):= { , .
o ,if veN; and f (v+)< f (v-)

and  Lf(v):=Lf(v-)forve N]% \N}



Conditions 1~6

e Suppose that d and e represent the optimal bond and equity value
functions, respectively.There two observations require that the
function d and e should satisfy:

1.dV)=Aande(V) = h(V) forallV =0

* Define
S =cl{V €]0,0):e(V) =h(V),Le(V) > (6V — (1 —x)Pc)})
Sp =cl({V €]0,00):d(V) =AV,Ld(V) > Pc})

2.1fV eSSy, thene(V) =1 -V

3. IfV €S, thend(V) = g(V)



Conditions 1~6

+ N = S,.OnthesetS; :=[0,0)\S,,

the function d satisfies min{d(V)- AV,Ld(V)-cP} =0
>. Nle c S, U{K/A}.e (K\A+)and the equality holds if and only if K/A € S;.
On theset S|, :=[0,0)\ S,
the function e satisfies min{e(V)-h(V),Le(V)-(oV -(1-k)cP)} =0

Finally,we assume that



Theorem 3.1

Suppose that there exists a pair of functions{d*, e*} € U that satisfy Condiction 1-
6. Define

. =inf{t>0:V, eS,}
r, =inf{t>0:V, €S, N[0,K]}
. =inf{t>0:V, €S, N(K,0)}

Then,these stopping time constitute a Nash Equilibrium for game (2.6 and 2.7).

Furthermore,

d"(V)=D(V;7,,7

* * *

st s *
cal ’ Tcon ) and € (V) — E(V9 Tb 2 Tcal ’ Z-con

where D and E are defined as in (2.4) and (2.5)



Theorem 3.2

Suppose that two functions e*and d* in U solve the system of
variational inequalities 1-6.The following conclusion holds:

(i)There exists a unique V. = €[(cP/(5A),©)such that S, =[V_ ,00)
(ii)There exists a unique V, € (0,min{K, (1 - x)cP/&}]such that
S, N[0,K]=[0,V, ]
(i11)A necessary condiction of S, N (K,») = Jisthat K < (1-«)cP/o
(iv)Moreover,if S, N (K,0) = J,then K/A € S, N (K,) and there
exist unique V;U (K,K/A]and VCZI,z [K/A,(1-x)cP/ Ad]such that

Sg N (K,©) = [chzl,l ) VCZI,2]



Nash Equilbrium

 For any three real numberssuchthat0 < b < v < d,let ¢ be
the first passage time of Vt across boundaries V=b or
V=d,i.e.,, ¢ =inf{t = 0:V, < borV, = d}

* Define function p and g be the present values of two Arrow-
Debreu securities , paying one dollar on the event V¢=b and
V¢=d ,respectively.In other words,

p(V;b,d) = E[e_rgl{Vg:b} | Vo =v]and q(V;b,d) = E[e_rgl{Vg:d} | Vy =]



Nash Equilbrium

* Under the specification of geometric Brownian
montion(2.3),both of then admit closed-form expressions

dﬂ+7 _Vﬂw b Vﬂ+7 _bﬂw d
Y and g(V3b,d) =55 ()

p(V;b,d) = B

where

2
_—(r—5—54)+A
_ — ,

p (4.1)andA=\/(r—§—0%)+2r02

2
_(r—5—54)+A
7/_ 0_2

* According Theorem 3.2,there are only two possibilities :the
shareholder never calls the debt back when K is sufficiebtly
and he may issue a call for small K.



L operator

The company follows dv = (7 — &)vdt + ovdW °

Suppose there exists a claim this company and this claim continuously pays coupon

(or dividend) C per year
By Ito's lemma
df (v) = fdv+ Lo f

2
=[— f(r 5)v+%02v2 Z {]dt+avthQ
%



L operator
B R R A &S B LR £ — Zi B )

S = —gv+f(v)
ov

dS = rSdt = —gdw df (v)+ Cdt — &gdt
ov ov

= f((r 5)vdt+0'vdWQ)+[ f(r 5)v+lc)'2v2 a2]:+C—5v f]dt+ 2 VthQ
2 ov ov ov
[1 » 207 f 5f]
2 oV’ ov
of L 2o o' f f
(f - v )m’t [2 % ~ ]dt
=rf =(r- 5)vi+ oV’ 82{ +C
2 ov
= —(r— )vl—lazv2 82j:+rf=C

ov 2 oV



Appendix A

d22 Dv)—(r— 5)vdiD(v) +rD(v) = Pc
V

EHILD(v) = -50 v’ -

By The Euler - Cauchy ODE

LetV:et,t:In(x),Z:i
dt

then D'= db = db dt :ld—D :lZD
dv. df dv v dt v

4D 4D
,,dD d 1dD 1 dD 1 g 1 dD 1 g dt
e B S
A dvv dt vodt v dv vodt v dt dv
1dD 1d*D 1
= — + =—Z7(Z-1D
v dt v ode? V2 ( )

(Z(Z —-1)— (’”1_5)Z+ 1’” \D(v) = fc

(—502) (—552) (—502)



Appendix A

(r-5-7")
= m’ - 2 4 =0
| |
-—0O ——0
(2 ( 5 )
o’ o’ 2 2
(r-0-—)x,|@d-0-—)" +2ro
= m = 2 3 2 =f and -y
= D), =ce” +c,e” =cvf +c,v7

2 TR

2D(v), = A%[E LD(V) AILAfG 4 = %
* Pc B _7
3.D(v) =D(v),+DW), = T+ c, v’ +c,v



Appendix A
LE(V)AYEZ R EED (V)R B2 A — 1 — 1%
2 (EExE(v),, = Av + Bi7[H[LE(V)
-(r-o)VA+r(Av+B)=0oAv+rB=0ov—(1—-Kx)Pc

Hence,A =1,B = — (1=r)Pe
r
= E(v), = v UK
r
(1-x)Pc

3.E(v) = E(W),+EW), =v- +cv” +e, v

v



No Voluntary Calls



Theorem 4.1

There are exist a critical value K,.When K > K, we can find unique ¥, and V',

con

such that in a Nash equilibrium, the bondholder should convert at
. =inf{t>0:V, >V, ]

and the shareholder never calls snd should announce backruptcy at the monent
7, =inf{t>0:V, 2V, ]

Furthermore, the optimal equity and bond values are given by

(0,(1- p)V) Jif V<V,
(B"(V),D"(V))=1(E,(V;V,, Ve, ). D (V5 V,, Ve ) Lif V) <V <V
((1- 1)V, AV) Af V>V,
where E, (V; V.,V )=y - LZ@Pe AZ0Fe oy iy vty
2 2
G LGP AR WA TR

r

b Pc « Pc £
DI(V’Vb ’Vcon) — 7—'_ ((I_IO)Vb _T)p(Vﬂ Vb ?Vcon)

+(AV.

Pc . o
—T)Q(V;Vb,V )

con



No Voluntary Calls

)=S; NS, the game will not be stopped and

*

Forany V e (V,,V
then the equity and bond value functions should satisfy the ODEs
LE" (V) =6V —(1—k)Pc and LD (V) = Pc
Pc

=DM =lh e vey 7 ad By =y - LT
r r

We can fix the four constants c.,l <1< 4, making use of the boundary condictions

D'(V,) = AV, d D'(V,)=(1-p)V,
an
E'(V,,)=01-2)V, E'(V,)=0

con con

con

+ c3Vﬂ +c, V7

LE*(V) =6V — (1 — &)Pc

‘_;: £D‘{F} = Pe V.:,:..Irl

v . J
N N

Bankrupt Hegion Conversion Region

i -

FiGURE 4.1. The optimal conversion and bankruptcy regions when K = K,. The
shareholder declares bankruptcy on &g = [0, V'] and the bondholder converts on

‘SD — [ P:.:mf +':‘!'-’.'.-} 27



No Voluntary Calls

According to Condiction 4 and 5, E "should be differentiable on

S5 =/0,V. )and D should be differentiable on S5 = (V, ,0).
This amounts to requiring
* dE, (V;V, V.
dE (V) — 1( b b’VCOVI) :O'(42)
av |, dV .

where 0 is the left derivativeof E” at ¥V, because E' (V) =0
forallV €[0,V,)

dD" (V)
dV

_dD; V5V, V)
dV

= 1--(4.3)

V=Vcon V:Vc*on -

where A is the right derivativeof D™ at ¥ because D" (V) = AV for all
VelV,

con?

o0) .Then we can solve uniquely V', and V',

con*®



Llemma D.1
_(-x)Pc y+ B IVINT (B, V)

(D.1)V, = i — o
r (y+D+(B-DW, 1V )T =UB+0)Vy 1V,
(D2)0=x(B+ "7 =(B+ X" )Ny +D+(B-Dx"7 —AB+y)x"")
—(I=)y + "7 = (B+P)x"YWAUB -1+ Ay + Dx”
—(1=-p)(B+7y)x"")
In (D.2), we can find a unique solution x; € (0,1), then
e (=0Pc  y+ BT (B
b ro (DB -DE)T = AB+ )
Pc B+y(x)" " = (B+y)x))

VvV : > r——
T (AB-D+ A+ D) == p) B+ 7))




Lemma D.2

Given V, and V_ solved from (4.2) and (4.3),consider an equation
(D.3) E\(V:V, Vo) = (1-2)V
Equation(D.3) has at most a unique solution in the interval (V, , V. )
Denote it to be k, if such solution exists or set k, = V. otherwise.
LetK, = Ak,,we have

E,(V;V,,V,,)2h(V) and D, (V;V,,V_ )= AV

con

forany Ve[V,,V. ]

con



NUMERICAL REAULTS

r 0.08 C 0.07
K 0.35 A 0.2
0) 0.06 P 100
o 0.22 K 100
0 0.50
IG 0.012526784 7 0.2450734477
X1* | 0.039830749
Vb* 36.43 Vcal* 914.62
D 0.012526784 a 0.2450734477
k1 437.55 K1 87.51




NUMERICAL REAULTS

Mo Call
:-Jm ¥ ] I I 1

160 |=
Corwartible Bond Valus

100 b=
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0 '.,.-"':I 200 400 &00 600 v 1000 1200

oo
Firm Value V (K=100, V(=36 4, V_=914§)

FiGURE 5.1. The convertible bond value in a case with a high call price. The default
barrier V' = 36.43 and the conversion barrier V! = 914.62. The sharcholder will
never call the debt voluntarily.
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Early and Late Calls



Theorem 4.2
When K < K, a Nash equilibrium to the game (2.6 and 2.7) 1s formed

if the bondholder converts her security at the moment
=inf{tr>0:V, >V}
and the shareholder declares bankruptcy and call at
=inf{t>0:V, >V, }
and 7, =inf{t>0:V e [Va“,Val , |}, respectively.

c
LE*(V) =46V — (1 —&)Pe

L i l L 1 |
[ 1 1 1 1 T -

0 Vm y K/ i Vo

k_Y_.-f ; b ;5
Bankrupt Region ’ Dn.llﬂep;-u Canversian Region

LD*(V) =

FiGure 4.2. The optimal conversion and bankruptcy regions when K = K,. The
shareholder declares bankruptcy on Sg N[0, K] = [0. };'] and makes a call on Sgn
(K, +oc) =[¥},; . V.,;-]. The bondholder converts on Sp = [V, +00). 34

LA *



On this equilibrium

(E"(v),D" (V) =+

(0,(1- p)V)

(V-K,K)

(A=), AV)

(A=A, AV)

(IE2(‘];\/sﬂxJ;ml)ﬂI)Z(‘J;‘fsﬂxJ;ml))

(E;(V; Vl: ) Vc*al,l)9 D, (V;V; ) Vc*al,l )

if V<V,
if vV, <vV<Vv.

call

if v, <V <K/
it K/ <v <,
it vV, ,<V<V,
if V. <V

cal



where

DZ(I/’.VZ) ’Vcal,l) — V_( I") +(( I") _Vb )p(VﬁVb 9Vcal,1)
(O Rgri, Vi)

. oo Pc « Pc R Pc R
EV:Vy Vo) = 7"‘((1 - PV, _7)p(V; Vi sVear) +(K _T)Q(V; Vs Vear)

(1—K)PC+((1—K)PC
r r

o ZVCZZ,Z)p(V; VCZ!,Z ” VCZI/Z )

D3(I/’ chzl,Z’ Vcin) — V _

+ ( ( ” ) _ ﬂ‘Vcon)Q(V’ Vcal,27Vcon)
. R Pc . Pc . . . Pc . R
E2(I/’ Vcal,2’ V ) =—+ (ZVcal,2 o 7 )p(V9 Vcal,2 s Vcon) + (;I“Vcon o 7 )Q(V9 Vcal,2 5 Vcon)

con
r



oD Early and Late Calls

LD"(V)=Pc and LE" (V) =6V -(1-«x)Pc
Take the interval (V, 7V:a1,1)9 for instance.As D" (V) =(1- p)V,E" (V) =0for V<V, and
D'(V)=K,E"(V)=V-KforVe [V;L1 ,K / ], the continuous property of D" and E’

requires that

{D*(V;" )=(-pVy {D*(Vfal,l) =K
E'(V,)=0 E'(Veu) = Ve =

We can easy show that D*(V) = D,(V;V, V.., )and E (V) = E,(V,V, V.., Jare the

solutions.Similar to D" and £” in(V,,,,V,. )

con

K

When K < K, or K < K,, invoke the smooth requirement in the variational inequality system

*

. and V;n According to Condttions 4
which

once again to find the gptimal boundaries v, ,V_ .,V

call®’ ¢

and 5 in the variational inequality system, E~ should smooth at V=V, and V =V_

call>®
dE: v Vb*’ VCZZI) dE: Vv Vb*’ VCZZI)
—|,_,-,=0and — | .
dV =Vp + dV V_Vcal,lf

requires : =1.--(4.4)



Early and Late Calls

LemmaD.3(1)

Similarly, when K < K, , the following two equations can be used to determine
V:al ,and V_

dE (V Val2’Vcon) dE (V Val2’Vc0n)
| o - 1 - ﬂ/ and | %
dV V_Vcal.2+ dV V_Vcon_

LemmaD.3(i1) shows the existence and uniqueness of the solutions.
ByTheorem4.2,if K, <K <K,,V.

cal,1
dE,(V;V, ,K/A)
dV |V=V,,*+
to solve for the optimal bankrupt boundary V, .When K, < K < K|, V;l,z =K/A
and the following

=A

= K / A.In this case, we use

=0

dD,(V;K /I AV )

dV |V:V,* —
is used to determined the conversion boundary V'

con*®

=1




NUMERICAL REAULTS

Eady Call and Late Call
m I | ] ] I I ] | ]

180 -

160

140 |
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; : I : 1 i | i
1] '-.,.i"l'1 W 100 200 m"f‘ﬁ?ﬂ 400 &00 GO0 J00 ".r"mnﬂﬂ 900 1000

1 1 L

Firm Value: V (=50, V,=34.4, \.I"HI1=9?.9, v'wqag 5, V., ~782)

FiGURE 5.2. The convertible bond value in a case with a lower call price. ¥
3544, 1V, =97.90, V2, , =269.51, and ¥ = 782.00. Once the initial company
value falls in the interval (V7 ,. K/4), the shareholder will call the debt immedi-
ately to force the bondholder to surrender her security. Hence, the bond value equals
K = 50 in this interval, which is reflected by the horizontal straight line between V7, |
and K/A. In the interval (K/A, V.4 2), the bondholder chooses to convert in response
to the call from the shareholder. Hence, the bond value and its conversion value AV

coincide.
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Comparative Static

TABLE 5.2
Effects of Various Parameters on the Optimal Strategies

F: ol 1 Ir:rff 2 o

r

0.07 36.49 80.49 271.20 795.59
0.08 35.44 97.90 269.51 782.00
0.09 33.98 250.00 268.14 768.97
[

0.06 30.96 250.00 250.00 656.96
0.07 35.44 97.90 269.51 782.00
0.08 38.49 74.11 308.01 893.72
&

0.05 36.61 92.71 318.83 028.80
0.06 35.44 97.90 269.51 782.00
0.07 34.17 104.33 250.00 664.61
K

0.15 40.84 65.28 423.86 675.69
0.25 38.68 73.22 339.04 733.19
0.35 35.44 97.90 269.51 782.00
0.45 30.58 250.00 250.00 795.60

Note: The defaulting parameter used is K = 50. We vary the parameter of interest each
time and keep all other parameters the same as the base case in Table 5.1.

40



Comparative Static

TABLE 5.3
Effects of Various Parameters on the Convertible Bond Value

Interest rate r 0.06 0.07 0.08 0.09
Bond value 105.60 105.25 104.88 104.49
Coupon rate ¢ 0.06 0.07 0.08 0.09
Bond value 101.88 104.88 107.12 108.57
Paying out rate & 0.05 0.06 0.07 0.08
Bond value 106.62 104.88 102.39 100.45
Tax rate « 0.15 0.25 0.35 0.45
Bond value 100.67 102.42 104.88 105.74

Note: The defaulting parameters used are K = 50 and Vy = 500. We vary r, ¢, 8, and
k in each row and keep all other parameters the same as those in Table 5.1.
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Negative and positive Equity Returns

Stock Returns ina Time Window from -60 to +60 around an In-the-Money Call

q -

0o

e Equity Value Retum|

-0.015

-0.02 -. " ._

=80 -40 =20 0 20 40 &0
Dates

FIGURE 5.3. Daily returns of equity in a time window from 60 days before the call to

60 days after. We use the default parameters in Table 5.1 and let Iy = 300. K = 50.

The call boundary is V2, , = 269.51 and the conversion boundary is F3, = 782. We

simulate 100 sample paths in which a call happens and plot the average.
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Negative and positive Equity Returns

Stock Retumns in a Time Window from =60 to +60 around an Out-of-the-Money Call
ﬂm 1 | | ]
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FIGURE 5.4. Daily returns of equity in a time window from 60 days before the call to
60 days after. We use the default parameters in Table 5.1 and let I = 90. The call price
is 50. The call boundary is V7, | = 97.90 and the default boundary is V7 = 35.44. We
simulate 100 sample paths and draw the average.
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